Let X be a set and F a family of real-valued functions on X. We denote by µ F X the space X endowed with the weak uniformity given by F. In this paper we provide a method of generating the set U(µ F X), of all uniformly continuous real functions on µ F X, by means of the family F. In order to do that we need to study the uniform approximation of real uniformly continuous functions on subsets of R n . As a consequence, we give an internal condition on F in order to be uniformly dense in U(µ F X).
We shall be concerned in this paper with uniformly continuous functions on a uniform space X. More precisely, we shall be interested in weak uniformities, i.e., in those uniformities that are given by a family F of real-valued functions on X. Then a function f : X → R is uniformly continuous if for each ε > 0 there exists δ > 0 and a finite subfamily, g 1 , . . . , g n , of F such that
We denote by µ F X the space X endowed with this uniformity µ F , and U(µ F X) will be the collection of the real-valued uniformly continuous functions over X. It is clear that F ⊂ U(µ F X) and we would like to know:
(1) when F is uniformly dense in U(µ F X); (2) how to generate U(µ F X) from F . These questions are suggested by their analogues in the framework of the Spaces of Continuous Functions. Namely, problems about uniform approximation of continuous functions and about the generation of the ring of all real-valued and continuous functions C(X). Some of these problems do not yet have a satisfactory answer in the case of C(X).
Nevertheless, the situation is very different for uniformly continuous functions where both questions have nice answers. Hager in [6] first solves the second question (in a rather technical way) (Theorem 6 below) and then derives as a consequence a solution to the first (Theorem 1 below).
Here we show that the Hager's method can be considerably simplified. On one hand, we have obtained in [4] a short proof of Theorem 1 using some ideas from Isbell [7] . Now, from this theorem we obtain a simpler proof of Hager's result about the generation of U(µ F X). That proof only involves an easy study about the uniform approximation of uniformly continuous functions on subsets of R n . Finally, as a interesting consequence, we present a new solution of the first problem which improves that previously cited. Indeed, we shall characterize the uniform density of F in a internal way, i.e., only in terms of the family F .
About the uniform approximation
As is usual in this kind of topic, the case of bounded functions is very different from the general case. Thus, when F consists of only bounded functions, it is easy to see that all the functions in U(µ F X) are bounded, µ F X is a precompact space (i.e., its completion is compact) and U(µ F X) is the set of all the real-valued continuous functions on its (compact) completion. So, the question here is: when is a family of real-valued continuous functions on a compact space uniformly dense? The answer is given by the classical theorems of Stone-Weierstrass or Kakutani-Stone: one only needs that F or cl F (the uniform closure of F ) has some algebraic structure such as ring, vector lattice, etc. This bounded case has been studied by Maak [8] , Nöbeling and Bauer [9] , Császár [1] , and Császár and Czipszer [2] .
Unfortunately when F contains an unbounded function, algebraic structures on F or cl F do not imply uniform density. For instance, if we consider the set F of all (usual) uniformly continuous functions f on R for which there exists a straight line ax + b with lim x→∞ [f (x) − (ax + b)] = 0, then F is a uniformly closed vector lattice containing all the real constant functions that generates the usual uniformity on R. But it is not uniformly dense because clearly F is not the set of all uniformly continuous functions on R.
Roughly speaking, the algebraic properties of F can be seen as reflecting the fact that certain algebraic functions operate on F . The above example shows that it is not sufficient that projections, linear functions, or polygonal functions on R n operate on F in order to have uniform density. Indeed, the following theorem shows that we need to consider a larger class of functions.
We denote by comp(F ) the set of functions of the form ϕ • (g 1 , . . . , g n ) where g 1 , . . . , g n ∈ F , n ∈ N and ϕ is uniformly continuous on the subset
Theorem 1. Let F be a family of real-valued functions on
We have already remarked that this theorem was obtained by Hager [6] as a corollary of Theorem 6 below. A different proof was given in [4] .
Example 2.
Consider on R N the product uniformity. From the above result, we have that every uniformly continuous function on R N can be uniformly approximated by uniformly continuous functions only depending on a finite number of variables. Note that, of course, this set is not all U(µ F R N ) because there exist uniformly continuous functions which depend on infinitely many variables, for instance,
.
About the generation of U(µ F X)
Our aim in this section is to generate all the functions in U(µ F X) by means of the family F in as simple way as possible. In the previous section we showed one method to do this, namely, to construct comp(F ) and then to consider its uniform closure. But it seems no easy task to obtain comp(F ) from F , since we need to take into account all U(C), the uniformly continuous functions defined on subsets C of R n , n ∈ N.
Our problem is thus now reduced to finding a good description of U(C), or at least a good description of some uniformly dense family of U(C), in terms of the coordinate functions {π 1 , . . . , π n } that are the functions giving the usual uniformity on C.
Firstly, we can consider the vector lattice L(C) generated by {π 1 , . . . , π n } and the constant functions, i.e., the set of the restrictions to C of the functions on R n which are piecewise linear (with finitely many pieces). Unfortunately L(C) is not, in general, uniformly dense in U(C) as simple examples show. For instance, the function f (x) = sin x cannot be uniformly approximated on R by finite polygonals.
Thus, in order to find a suitable family that approximates every uniformly continuous function on C we have to enlarge L(C). Essentially, we need to include suprema and infima of countably many functions of L(C). Note that these sequences of functions must satisfy some additional requirements to guarantee the uniform continuity of those infinite "sup" and "inf".
Before giving these precise conditions let us recall the following definitions.
Definition 3. Let C be a subset of R n and let · be the sup-norm defined by x = max{|π 1 (x)|, . . ., |π n (x)|}.
(1) We say that a family of functions (f i ) i∈I is equiuniform on C if for each ε > 0 there exists δ > 0 such that x − y < δ (x, y ∈ C) implies |f i (x) − f i (y)| < ε, for all i ∈ I .
(2) A cover {U i } i∈I of C is said to be a uniform cover if there exists r > 0 such that, for all x ∈ C, the ball of center x and radius r is contained in some U i .
(3) A countable cover {U k } k∈N of C is said to be 2-finite if
We shall also use the symbols ∨ and ∧ to denote respectively "sup" and "inf ". Now, consider the collection L(C) of functions on C of the form k∈N p k , where:
(ii) the sequence (p k ) k is equiuniform on C; (iii) the family {coz(p k )} k is a uniform 2-finite cover of C, where coz(p k ) (cozero of p k ) is the set {x ∈ C: p k (x) = 0}.
Lemma 4. A function f belongs to L(C) if and only if f = k∈N q k where
(i) for all k ∈ N, q k is a
positive function of L(C);
(ii) the sequence (q k ) k is equiuniform on C; (iii) the family {coz(q k )} k is a uniform 2-finite cover of C.
It is easy to verify that the functions q k satisfy the conditions in the lemma and that f = k∈N q k .
We shall see that every function in L(C) is uniformly continuous on C, and that L(C) is a suitable family to approximate the positive functions of U(C). Note that we can restrict ourselves to the approximation of the positive functions, since every f ∈ U(C)
is the difference between two positive functions in U(C), namely, f + = f ∨ 0 and f − = (−f ) ∨ 0.
Theorem 5. Every function in L(C) is a uniformly continuous function on C and every positive function in U(C) can be uniformly approximated by functions of L(C).

Proof. Let g = k∈N q k ∈ L(C).
Since {C k } = {coz q k } is a uniform 2-finite cover of C, there exists a real number r > 0 such that for each x ∈ C the ball B(x, r) ⊂ C k for some k. Also {q k } is an equiuniform sequence, and hence for every ε > 0 there exists 0 < δ < r such that
Thus, if x − y < δ, then x, y ∈ C k for some k and therefore
Let f 0 be a function in U(C). Without loss of generality we can suppose the following:
• f is a continuous function on R n that is uniformly continuous on C. This is true because f can first be extended to cl C and then, from Tietze's extension theorem, to all R n . • There exists s > 0 such that f s, because if every function satisfying that condition is in the uniform closure of L(C), then f 0 also is, since f = lim n (f + 1/n).
With these suppositions, let n 0 ∈ N and let M 0 = sup{f (x): x ∈ D 0 } where D 0 = {x ∈ R n : x n 0 } (recall that we consider x = max{|π 1 (x)|, . . ., |π n (x)|}). By induction, we can construct an increasing sequence n 0 < n 1 
Now, for each k = 0, 1, . . . we take the following function 0 g k 1 belonging to L(C),
It is easy to verify that g k takes the value 1 on D k , coz(g k ) = {x: x < n k+1 } and
Next, let
provided that k is sufficiently large). Moreover this sequence is equiuniform in C because
Indeed, from the inequality (1) it follows that:
In order to have a 2-finite cover, we can replace the last sequence {h k } k by the following:
This sequence of positive functions {α k } k is again equiuniform on C and satisfies f = ∞ k=0 α k . Moreover, the family of their cozero-sets is a uniform 2-finite cover of R n since
Note that while the proof would be complete if these functions {α k } k (their restrictions to C) were in L(C), this is not necessarily true. Hence we shall approximate every α k by some function p k ∈ L(C), but in such a way that the new sequence {p k } k also has the same good properties as the sequence {α k } k .
To this end, we shall apply the classical Kakutani-Stone theorem that allows one to approximate certain continuous functions on a compact space K by functions of a sublattice 
Then g ab ∈ A and g ab (a) = g ab (b) = 1. Hence the function g = (β − α)( x − a b − a −1 ∧ g ab ) + αg ab also belongs to A and it satisfies that g(a) = α, g(b) = β. In the
Therefore, for a given ε > 0 we can find functions p k ∈ A such that 
Recall that, in this context, the family {f k } k is said to be finitely-F -equiuniform on X, if there exists a finite number of functions g 1 , . . . , g n in F such that for all ε > 0 there exists δ > 0, with |f k (x) − f k (y)| < ε, for all k, whenever |g i (x) − g i (y)| < δ, i = 1, . . . , n. The above theorem then follows at once since clearly the family of functions considered by Hager contains the above set {ϕ • (g 1 , . . . , g n ): g 1 , . . . , g n ∈ F , ϕ ∈ L ((g 1 , . . . , g n )(X)), n ∈ N}.
We shall finish with a density theorem in this framework. Note that ( * ) is an internal condition on the family F for uniform density in U(µ F X). In [5] , we derived the above result as a consequence of Hager's theorem. The key is that, in order to prove that ( * ) is a sufficient condition for the uniform density of F in U(µ F X), we only have to see that the functions 0 f = h k appearing in Theorem 6 belong to cl F .
To finish with, one can ask if a condition analogous to ( * ) works in the case of continuous functions. The answer is no, in general, and we refer to [3] where such a condition is studied under the name of "Property A".
